Abstract.  We consider a critical binary mixture made of two incompatible polymers A and B, confined between two parallel plates 1 and 2, which are at a finite distance L from each other. We assume that the latter adsorb strongly both polymers at a temperature above the consolute point c T . The strong fluctuations of composition generate a Casimir force between the two plates. Our aim is precisely the computation of such a force as a function of the separation L. Use is made of the standard 4 ψ -theory, where ψ is the composition fluctuation or order parameter. We show that the presence of surfaces can be taken into account by imposing two boundary conditions, which depend on two couples of parameters: ( ) h play the role of magnetic fields. We prove that these parameters depend explicitly on the surface chemical potentials changes 1 µ and 2 µ , and the energies A δ and B δ necessary to adsorb one A-monomer and one B-monomer on the surfaces. For simplification, we choose two special boundary conditions: symmetric and asymmetric plates, depending on whether the plates have the same or opposite preferences for polymers A and B. We also show that the surface coupling constants i c 's are negative. Thus, the system we consider belongs to the same universality class as the traditional extraordinary transition. We demonstrate that, in the strong adsorption limit, both i c 's and i h 's become infinite, so that the resulting Casimir force becomes universal. For both symmetric and asymmetric plates, we find that the (attractive and repulsive) Casimir forces (per unit area) decrease with the distance L according to a negative
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Finally, the obtained Casimir force for critical polymer blends is compared to that resulting from vacuum fluctuations of a magnetic field confined to the same geometry. In both cases, the forces decay with separation L according to the same law.
I. INTRODUCTION
In 1948, Casimir [1] discovered that the vacuum fluctuations of a confined electromagnetic field generate an attractive force between two parallel, uncharged conducting plates, which are a finite distance L apart. This is the Casimir effect. The reason for this effect is that the plates impose some boundary conditions on the zero-point fluctuations of the electromagnetic field [2] . As a consequence, the zero-point energy is also affected, and then becomes an L-dependent function. Because of the masslessness of photons, the resulting force is long-ranged. The original result of Casimir was confirmed in very recent experiments by Lamoreaux [3] and by Mohideen and Roy [4] , to within 5 % and 3 % accuracy, respectively.
As pointed out in a short note by Fisher and de Gennes [5] , an analogous effect emerges in the context of Statistical and Condensed Matter Physics, for those systems exhibiting a critical point and restricted by boundaries. For this case, the critical fluctuations on large scales of the order parameter play the role of the vacuum quantum fluctuations and the critical continuous theory is formally equivalent to a massless quantum field theory.
Confined critical fluids, such as a fluid near the liquid-gas critical point, a binary liquid near the consolute point, or liquid 4 He near the λ -point, generate long-range forces between the confining walls [6] . These forces that may be called critical Casimir forces, are governed by universal scaling functions [7] [8] [9] [10] . At the bulk critical point, these scaling functions reduce to the universal Casimir amplitudes multiplying a negative power law in the thickness L of the film [7] [8] [9] [10] . From a theoretical point of view, the Casimir effect has been extensively studied, and a variety of results were obtained in 2 = d using conformal invariance [11] [12] [13] [14] [15] and in ε − = 4 d using the field-theoretical
Renormalization-Group [6, 9, 10, [16] [17] [18] [19] [20] [21] , and by means of Monte Carlo simulations [22] . From an experimental point of view, confined critical fluids or colloids immersed in binary liquid mixtures have been the subject of numerous experiments [23] .
In a very recent theoretical work [24] , we demonstrated the existence of some universal force within critical polymer blends confined between two parallel plates. It was assumed that the plates, which are of the same chemical nature, adsorb strongly one polymer at high temperature, so that chains cannot desorb once they are linked to the walls. This implies a quenched composition on the surfaces. It was also assumed that phase separation is taking place at a critical temperature c T below the adsorption one a T . For these special boundary conditions that consist in assuming that the surface composition on both plates remains a constant even when temperature is lowered, we derived [24] the resulting expression for the force between the plates as a function of the separation L. It was found [24] that this force decays with L according to a negative power law, i.e. In this paper, we also consider a critical polymer blend made of two incompatible polymers A and B confined between two parallel plates 1 and 2, which are separated by a finite distance L. The system may be described by introducing an order parameter or composition fluctuation ψ , which is a field depending on the considered point of the medium. Due to the homogeneity property of the two plates, the order parameter ψ depends only on the distance z from one plate taken as origin. [25] . Such an experiment was concerned with the study of the wetting phenomenon arising in hydrogenated polyolefin (HP)-deuterated polyolefin (DP) mixture, confined to a film geometry. The first plate was a supporting silicon wafer, and the other was air. The real physical system we consider in this paper is a mixture of two homopolymers A and B of different chemical nature, which is in contact with two strongly adsorbing walls 1 and 2.
We assume that polymer adsorption on the two-sides occurs at (adsorption)
temperatures above the critical one c T where the mixture undergoes a phase separation. To describe the physics of the system, we use the standard ψ -theory (see below). We first show that the presence of the surfaces manifests itself by imposing two boundary conditions, similar to those usually encountered in surface critical phenomena [26, 27] . These boundary equations involve two couples of parameters: ( ) have an explicit dependence on the surface chemical potentials changes and on the energies necessary to adsorb one monomer on the plates. We note that, in opposition to the system considered in Ref. [24] , the surface compositions 1 ψ and 2 ψ may depend on temperature, so that they are not necessarily frozen out.
Our findings are the following. We first show that the parameters i c 's are negative. This means that the present system belongs to the same universality class as the extraordinary transition [26, 27] . Second, we show that, in the strong adsorption limit, both i c 's and s ' h i go to infinity, and then, the resulting Casimir force becomes universal. For both symmetric and asymmetric plates, we find that the (attractive and repulsive) Casimir forces (per unit area) decay with the distance L according to a negative power law, i.e. III. We draw our conclusions in the last section. Some technical details are presented in Appendix.
II. THE FREE ENERGY
Consider a critical mixture made of two incompatible polymers A and B confined between two parallel homogeneous plates 1 and 2, which are at a finite distance L from each other. We assume that the separation L is much smaller than the correlation length of the mixture, ( )
Thus, we are concerned with a film geometry. There, N is the polymerization degree assumed to be the same for both polymers and a is the statistical Kuhn segment or monomer size. A point of the medium can be described by a three-
is the distance from the plate 1 taken as origin and
is the two-dimensional parallel vector. To describe the physics of the system, we introduce an order parameter ψ (composition fluctuation), which is a field depending on the considered point r.
We denote by ( ) respectively. Because of the homogeneity property of the two plates, the order parameter ψ depends only on the distance z. The translational symmetry property along the parallel directions implies that the surface composition fluctuations are independent on the considered point, and they will be denoted simply by 1 ψ and 2 ψ . We shall be concerned only with two special cases:
symmetric or asymmetric plates. For the symmetric plates, we have of course the same composition on both sides, and we will set
. While for the asymmetric plates, we have opposite surface compositions, and we will set
We recall that the physical system we consider is a mixture of two incompatible polymers A and B, which are in contact with two strongly adsorbing walls. We assume that polymer adsorption on the two sides occurs at a temperature a T above the consolute point c T . To simplify, we will assume that this adsorption temperature is the same for the two polymers. As usual, polymer adsorption is related to a free energy gain when one monomer is located on the surface [28] [29] [30] [31] [32] [33] . We will denote this energy gain (per is of order unity and is therefore independent on temperature, even as the latter is lowered. We will denote by 1 µ and 2 µ the chemical potential changes of species A and B on the walls, respectively. To simplify, we will suppose that these are identical, and we will use the notation µ ≡ µ = µ . As we will see below, this simplifying assumption has no consequence on the leading universal behavior of the Casimir force, provided that one is in the strong adsorption limit. Details of short-range interactions with surfaces contribute only to the corrections to the scaling behavior of such a force.
We may describe the system with the following free energy functional (per unit area)
where A is the plate area, B k the Boltzmann constant and T the absolute temperature. The first two terms ( )
account for the contributions of the surfaces to the free energy. Their forms will be given below.
The last one accounts for the bulk contribution, where ( ) ψ G is the free energy density [34] ( )
which is the expansion to fourth order of the standard Flory-Huggins (FH) free energy [34, 35] in the vicinity of the critical monomer fraction 
, and 2 B δ = δ is the energy relative to plate 2
. Let us comment about these boundary conditions. First, the surface coupling constant is the same for symmetric and asymmetric plates, and will be simply denoted by . We will denote symbolically these two boundary conditions classes by ( ) ↑ ↑ (symmetric plates) and ( ) ↓ ↑ (asymmetric plates). We first note that the coupling c is negative, since 0 < δ . In addition, it diverges very rapidly for 15 − < δ N . This indicates that adsorption is taking place. Hence, the adsorption crossover is given by:
. Also, the surface field h becomes very large beyond the adsorption threshold. To summarize, we can say that we are in the presence of a problem that is very similar to the extraordinary transition, usually encountered in surface critical phenomena [26, 27] 
together with the following boundary conditions
for symmetric plates, or
for asymmetric plates.
The first integral of the above differential equation is easily obtained. We
where C is an integration constant depending on the bulk parameters, the surface parameters c and h and the separation L.
To study the shape of the equilibrium profile, we can take advantage of the analytical techniques pointed out in Ref. [41] . We show that, for symmetric
, the expected profile exhibits a minimum point in the middle of the film, that is for 2 L z = (Fig. 1) . In this case, the integration constant C is directly related to the value of the FH free energy density
stands for the minimal value of the equilibrium profile. For asymmetric plates
it becomes rather a monotonously decreasing function from 0 = z to L z = (Fig.   2) .
We have now all ingredients to compute the Casimir force, which originates from the fluctuations of composition, that are strong near the critical point. This is precisely the purpose of the following section.
III. CASIMIR FORCES
We first consider the symmetric case, for which the equilibrium profile solves the differential equation (6) with the boundary conditions (7) . The starting point is the first integral defined by relation (9) On the other hand, the attractive Casimir force (per unit area) a Π is given by the first derivative of the total free energy, with respect to the separation L, i.e.
The subscript a is for attractive). As shown in Ref.
[41], this force is simply given by
This force is then proportional to the integration constant C, i.e.
is positive, the expected force is attractive.
Relation (11) shows that the force is simply given by the knowledge of the minimal value m ψ of the profile.
The phase portrait is obtained by taking the left-hand side of first integral (7) at boundaries 0 = z or L z = . We then find the third useful relation
. (12) We have used the boundary conditions (7) and the fact that 
In the strong adsorption limit and using expression (11), we obtain from relation (13) the expression of the Casimir force
with the universal amplitude
where ( )
is the elliptic integral of the first kind [42] . Numerically, we obtain
For the asymmetric plates, the profile solves the differential equation (6) . (The subscript r is for repulsive). Since C is positive [41] , this force is repulsive. To derive its leading scaling behavior, we follow the same techniques as above. Without any details, we give simply the result ( )
with the universal amplitude 
Numerically, we have
These two results call for several comments.
Discussion.
First, note that the two forces decay with the distance L according to the same power law
Second, when they are reduced by the ( )
-factor, these forces exhibit a universal behavior: they depend only on the thickness L of the film, and not on surface interactions details (through c and h). The surface parameters c and h contribute only to the corrections to the leading critical behavior, and are irrelevant [6, 27] . For the two cases, the amplitudes ↑↑ ∆ and ↑↓ ∆ were found to be pure numbers.
Third, as it should be, these forces are proportional to the polymerization degree N of chains.
Incidentally, this power law in L resembles that defining the Casimir force originating from the quantum fluctuations of an electromagnetic field confined to the same geometry.
Let us make a quantitative comparison between the magnitudes of attractive and repulsive forces, for the same mixture. Intuitively, the repulsive force must be stronger than the attractive one, for the same separation L. This is due to the fact that, for opposite plates, the mixture may be viewed as two lamellar phases alternatively rich is A and B-polymers. Quantitatively, we find the ratio
independent on the separation L. Interestingly, this ratio is a pure integer number. This means, in addition, that the repulsive force is four times more intense than the attractive one.
The last comment deals with a numerical estimation of the attractive Casimir force magnitude, for instance. As a typical example, we consider the Hydrogenated-Deuterated polymer mixture considered in the recent experiment [25] . For this mixture, the polymerization degree N and the critical temperature 
IV. CONCLUSION.
In this paper, we considered a critical binary mixture made of two incompatible polymers A and B, confined between two parallel plates 1 and 2. We assumed that the latter adsorb strongly the polymers at high temperature. The strong fluctuations of composition generate a Casimir force between the two plates. We were interested in the computation of such a force. To this end, we used the standard 4 ψ -theory, where ψ is the composition fluctuation or order parameter.
This plays the role of the magnetization of Ising-like magnetic systems. We showed that the presence of the surfaces can be taken into account by imposing two boundary conditions, which are similar to the ones usually encountered in surface critical phenomena. These boundary conditions depend on two couples of parameters: ( ) Finally, we note that, in order to show the existence of the Casimir effect within critical binary polymers mixtures, we have chosen a typical boundary condition, that is, the plates are chemically prepared in such a way that they adsorb the polymers at a temperature above the critical temperature. We guess that the choice of other boundary conditions may also generate a Casimir force.
A typical example would be wetting. Work on the latter question is in progress.
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APPENDIX
The aim of this appendix is to derive relation (3) defining the surface free energy, together with boundary conditions (4) or (5) . Since this free energy is additive with regard to the two plates, it will be sufficient to consider only one plate, say 1, in contact with the A-B mixture.
We denote by 
Here, 1 µ is a surface chemical potential favoring species A in the surface layer [5] . As usual, higher order surface terms involving derivatives of the composition φ with respect to the distance z [38, 39] are ignored in expression (A.1). We note that the above surface free energy includes a local interaction and a surface entropy of Flory-Huggins type. The appearance of the prefactor N 1 in the surface entropy contribution is natural. It is the number of adsorbed monomers per chain from a melt [33, 43] . There, ( ) N , f δ is a known function, whose form can be found in Ref. [38] . In particular, in the strong adsorption limit, i.e. for 1 N >> δ , we find from its known expression [38] 
